5.9. FACTORIAL EXPERIMENTS

g (SO farhwe l:la‘{f cczlnsu!.ergd the testing Of a number of treatments, not necessarily related
to ea.ch Qt er, in Randomised Blocks, or Latin Squares or Graeco Latin Squares. In industrial
applications frequently we know that several factors may affect the characteristics in which
we are interested, and we wish to estimate the effects of each of the factors and how the
offect of one factor varies over the level of the other factors. For example, the yield of a
chemical process may be affected by several factors such as the levels of pressure,
temperature, rate of agitation, and proportions of reactants, et¢/ One might try to test each of
the factors separately, holding all other factors constant in a given experiment, but with a
little thought it might be clear that such an experiment might not give the information
required. The logical procedure would be to vary all factors simultaneously, i.e., within the
framework of the same experiment. When we do so, we have what 1s now widely known as a

factorial experiment.
P 1t mimawivaantal citnatians which
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23.experiment means an experiment with 3 factors at 2 levels each and 3%-experiment, mean,
an experiment with 2 factors at 3 levels each.

Advantages of Factorial Experiment.

1. It increases the scope of the experiment and its inductive value and it does so mainly
by giving information not only on the main factors but on their interactions,

2. The various levels of one factor constitute replications of other factors and increase ty,,
amount of information obtained on all factors.

3. When there are no interactions, the factorial design gives the maximum efficiency iy,
the estimate of the effects.

4. When interactions exist, their nature being unknown a factorial design is necessary t,
avoid misleading conclusions.

5. In the factorial design the effect of a factor is estimated at several levels of other
factors and the conclusions hold over a wide range of conditions.

Basic Ideas and Notations in the 2"-Factorial Experiment. Let us first consider the
design of the form 2" in which there are n factors, each at two levels. Levels may be quite
literally two quantitative levels or concentrations of, say, a fertilizer or it may mean twq
qualitative alternatives like two species of a plant. In some cases one level is simply the
control group, i.e., the absence of the factor and the other is its presence.

In order to develop extended notation to present the analysis of the design in a concise
form, let us start, for simplicity with a 22-factorial design.

6-9-1. 22-Factorial Design. Here we have two factors each at two levels (0,1), say, so
that there are 2 x 2 = 4 treatment combinations in all. Following the notations due to Yates,
let the capital letters A and B indicate the names of the two factors under study and let the
small letters a and b denote one of the two levels of each of the corresponding factors and this
will be called the second level. The first level of A and B is generally expressed by the
absence of the corresponding letter in the treatment combinations. The four treatment
combinations can be enumerated as follows :

agby or ‘1’ : Factors A and B, both at first level.
a;bp or a : A atsecond level and B at first level.
agh; or b : Aatfirstlevel and B at second level.
a;b; or ab : A andB both at second level.

These four treatment combinations can be compared by laying out the experiment in
(i) R.B.D., with r replicates (say) , each replicate containing 4 units, or (ii) 4 x 4 L.S.D., and
ANOVA can be carried out accordingly. In the above cases there are 3 d.f. associated with the
treatment effects. In factorial experiment our main objective is to carry out separate tests for
the main effects A, B and the interaction AB, splitting the treatment S.S. with 3 d.f, into
three orthogonal components each with 1 d.f. and each associated either with the main
effects A and B or the intersection AB.

Main Effects and Interactions. Suppose the factorial experiment with 22 = 4
treatments is conducted in r-blocks or replicates as they are often called. Let [1], [a], [b] and
[ab] denote the total yields of the r-units (plots) receiving the treatments 1, a, b and ab
respectively and let the corresponding mean values obtained on dividing these totals by r be
denoted by (1), (a), (b) and (ab) respectively. The letters A, B and AB when they refer to
numbers will represent the main effects due to the factors A and B and their interaction AB
respectively.
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. D.or L.S.D. and thus thoy can bhe Cf,(3r|ﬂ| (’x[_”!rlrnuntsz are conducted either in C.R.]_).
o “the treatment S.S. is split into le“:"“lysv.d in the usual manner except that in this

s U N g ) . -
i been POthd out th ee orthogonal components each with 1 d.f. It has

cas at the maj
alrca(i.\'nq] contrasts of treatment ll]mm eff'ccts A and B, and the interaction AB are mutually
orthOBOM 1¢ans. The S.8. due to the factorial effects A, B and AB is

: Itiplying tl e
"bmmcﬁebc{sm;e Ss):;al%y lﬁlffg:ﬂref 19 f'the factorial effects by a suitable quantity. In practice,
these © treatment means (a) (b)e( ‘rom the treatment totals (a), [b], [ub) etc., rather than
{rom the tres » (0), ete. Factorial effect totals are given by the expressions :

Al = {ab] - [b] + [q] - (1]
[B] = [ab] + [b] - [q] - (1]
[AB] = [ab] - [a] - [b] - [1
factorial effect j i iplyi o
The S.S. due to any : ect 1s obtained on multiplying the square of the effzct total by
the factor (1/4r), where r is the common replication number (c.f. Rercxl'lark 7 below). Sl
S.S. due to main effect of 4 = [A]¥/4r

... (6-221)

S.S. due to main effect of B = [B]¥/4r ... (6-222)
and S.S. due to interaction AB = MB]2/4r,
each with 1 d.f.

TABLE 6-39: ANOVA TABLE FOR FIXED EFFECT MODEL TWO FACTOR
(22) EXPERIMENT IN R.B.D.IN ‘r’ REPLICATES

Eurce of Variation d.f. S.S. MS.S. Varz'arf;f Ratio |
Blocks (Replicates) r-1 S; s}g‘ _ (rslil) Fr=sr/ si— f'
Main effect A 1 |Si=[A1Y4r si=Si Fi=si/st |
Main effect B 1 |Si=(B1%4r sz =S; Fs=sa/sz |
Interaction A x B 1 Sig = [AB)2/ 4r 3_243 = S_ig Fuz= Sis / s::- l
Error 3(r-1) S?E = By subtraction sf; = S:Z;/ [8(r=1)] |
Total ar-1 | ITT05-F !

Here each of the statistics Fy, Fg and Fyp follows central F-distribution with (1, 3 (= - 1)]
d.f. If for any factorial effect, calculated F is greater than tabula.ted F for [1, 3(r - 1)) d.f. and
at certain level of significance ‘say’ @, then the null hypothesis Hj of the presence of the

factorial effect is rejected, otherwise Ho may be accepted.
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.9.3. 23-FFactorial E i :
dGC Qeicﬁ e le:relsL::eI(.lment. In 23-experiment we consider three factors, say, A, B,
an » S2Y, (g, ay), (by, b,y) and (c,, cq) respectively, so that there are 2% = 8

t combinations i q : :
treatmen & rilall. Extending the notations due to Yates for a 22-experiment, let
the corresponding small letters a, b and ¢ denote the second level of h of th
onding factors. The first level of each ceone Vel oL cas o ¥
corresp e letter § of each factor A, B and C is signified by the absence of
the corresponding letter in the treatment combinations. The eight treatment combinations in
a standard order are
‘U, a, b, ab, c, ac, be, abe,
where, for example
l= aobOCO, a= aleCO, ab = alblco, abc = a;b4c4, ete.
93-factorial experiment can be performed as a C.R.D. with 8 treatments, or R.B.D. with r
replicates (say), each replicate containing 8 treatments of L.S.D. with m = 8 and data can be
analysed accordingly. In 23-experiment we split up the treatment S.S. with 7 d.f. into 7
orthogonal components corresponding to the three main effects A, B and C, three first order
(or two factor) interactions AB, AC, and BC and one second order interaction (or three factor
interaction) ABC, each carrying 1 d.f. As in the case of 22-experiment A, B, AB, BC, etc.,
when they refer to numbers will represent the corresponding factorial effects. _

Al _ £ ___ A
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Main Effects m!fl Ir;ter'actions. Following the same notations for treatn
ireatment means as in 22-factorial experiment, the simple effect of A, (sa

y), is given by the
a:ferences in the mean yields of A as a result of increasing the factor A from the level ag to
ay, at other levels of the factors B and C.

Level of B Level of C Simple effect of A
bo Co (@1bgco) — (agboco) = (@)  —(1) 1
bl Co (alb 100) =% (aob ]_Co) = (ab) - (b) L o
bo ¢y (@1bocy) = (aghgcy) = (ac) —(c) 6-226
by Ccy (@1b1cq) = (agbcq) = (abe) — (be)
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Statistical Analysis of 23-Design. By using the Table 6-44 of divisors and signs of g 93.

factorial experiment, the various factorial effect totals can be expressed as mutually
orthogonal contrasts of the 8 treatment totals. Thus, e.g.,

[A] = [abc] — [be] + [ac) - [c] + [ab] - [b] + [a] — 1] }
[AC] = [abc] - [bd] + [ac] - [c] - [ad] + [b] - [a] + [1]

¥ and so on. Another convenient way usually used for numerical computations of finding the
factorial effect totals is the Yates’ method as discussed in § 6-9:2.

In the analysis of 23-design we split the treatment S.S. with 7 d.f. into 7 mutually
orthogonal components corresponding to seven factorial effects, each carrying 1 df.
Obviously, the factorial effect totals are contrasts of the treatment totals and hence on using

the result in (6-223a) [c.f Remark 7 § 6:9-1], the S.S. due to any of the factorial effect is
given by :

...(6-235)

2
a[ E = [8] ... (6:236)
_?l r.1 r

t.e.,, S.S. due to any factorial effect, main or interaction is obtained on multiplying the square

of the factorial effect total by 1/(8r), where r is the common replication number. Thus, for
example )7_

! [A]?
S.S. due to main effect A = 3 with 1 d.f,, ' . (6.9560)
| . : [BC]? .
S.S. due to interaction BC = 3 with 1d.f,,

and so on.

Scanned with CamScanner



ANOVA can now be carried out as given in the following table

TABLE 6:45: ANOVA TABLE FOR A 2%-EXPERIMENT IN *r' BANDOM

e of ST ED RO
ol s P S.S. ‘e
Variation d.f. S.S. M.S.S. = daf Variance Fatio °F
mons 2 j 2
Cp 10 g _ S N :)
(Blocks) (r—1) 3127 s,z? = —= Fp= % ~Flir=1,7r-1,
r=1 2 S;— s 3
P z
Main Effects
A 1| si=141sr & = Sh Fassi st ~Fl1,70r=1)]
B 1 | S5=B1Ysr 5= Sp Fg=sg¥sg? ~ FI1, 7 (r - 1)}
C 1 Sc? = [C]%/8r se2=S¢? Fco=sc¥sg? ~ FI1,7 (r—1J]
Ist Order
Interactions /%“
AB 1 SA32 =(§;g2/8r SAB =SA32 FA_B=SA_B‘2/SE:2~FE:L,TIT'—1:
AC 1 SAC2 =[AC]2/87' 7 SACZ = SAC? FAC = SAC?/SEQ ~ Fil, Tr-1 -
BC 1 SBC2 = [BC]?/8r 3302 = SBC2 FBC = SBCQISE?' ~Fl17r-1 )
2nd Order
Interaction
ABC 1 SAgcz = [ABC]Z/ST' SABC2 = SABC2 FABC = s,-%.BCQISE?' -~ FL].. 7(r-1)
SE2 = B y 9 SEZ
Error 7r -1) subtrackion SE° = 70r— 1)
Total r.2?-1
=8r-1

The hypothesis of the presence of a factorial effect is rejected at % level of significance

if the corresponding calculated F-statistic in the Table 6-45 is greater than tabulated F;; 1,7
(r - 1) otherwise the hypothesis may be accepted.
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G:9-4, 27-Factorial Experiment. The results and the notations of 22 and 22 eXpeTiment,
can be generalined to the ease of 21 experiment. Here we consider n factors each at 2 levels
Suppose A, B, C, D, ..., K are the factors each at two levels (0, 1). Corresponding small letters
a,b,e,d, .., k denote the corresponding factors at the second level, the first level of
factor being  sipgnified by the absence of the corresponding small letter. The treat
combinations, in standard order, can be written as :

1, a, b, ab, ¢, ac, be, abe, d, ad, bd, abd, cd, acd, bed, abed,
¢, ae, be, abe, ce, ace, bee, abce, de, ade, bde, abde, cde, acde, bede, abede, ete.
For 2n-experiment, the various factorial effects are enumerated as follows :

Main effects : »C; in number
Two-factor interactions : "C, in number
Three-factor interactions : "C; in number

any
ment

T ——— T — e ———

n factor interaction : "C, in number
Hence, the total number of factorial effects in 2"-experiment are :

"Cy+ "Co+ ... +"C, = ["Co+1Cy+ ... +7C,] -1

SA+1r-1=20-1. ... (6:239)
Main Lffects and Interactions. As in the case of 22 and 23-experiments the results for
the main effects and interactions can be generalised to the case 2"-experiment. Thus, for n

factors A, B, C, D, ..., K, the main effects and interactions are given by the expression :

2,,1_1 (@ DB D)... (k £1)] ... (6:240)

the corresponding sign in each factor being taken as negative if the corresponding factor is |
contained in the factorial effect whose value we want. As usual, the R.H.S. is to be expanded |
algebraically and then the treatment combinations are to be replaced by the corresponding |
treatment means. The factorial effect totals can be obtained every conveniently from |
treatment totals by the generalisation of F. Yates’ method as explained in § 6-9-2 for 22 and [
2% experiments. As pointed out there, for 2" experiment we shall need n cycles of the ‘sum ,

and difference’ procedure.’
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TABLE 646 ANOVA TABLE FOR gn

//T — \EXF’EHIMENT IN r RANDOMISED BLOCKS
[ Source of Variation df. 3.9 V.58
L. Blocks r-1 : —
| 2 2B 2
Sp = “2,1'- C.F. 20 o
| R= | 1
L T
i Treatments 2n 1 S2 - 2T C.F 9 s;
; T ro St = on .1
| Main effects
1 A 1
| . SA = (A%r. 20 sy =S4
l
| b S; = (BlYr.2n se=Sp
| : : : :
K
| 1 S2 = [K]2/ r.2" sk = Sk
Two-factor Interactions
AB 1 S2, = [AB]2/r. 2n sip = Siz
AC 1 Sic=I[ACI2/r. 2n sac = Sic
BC 1 Sac=[BCI2/r.2r sac = Sac
Three-factor Interactions
ABC 1 8250 = [ABCI2/ .20 sasc = Sasc
ACD 1 S2cp = [ACDI2/ r 2 sacp = Saco
n -factor interaction 1 SiB x=[AB...K]?/ r.2» sﬁBmK = 3,2;3___5—
| ABCD..K
2
Error (r—1)2"-1) | S =By subtraction 2___ Sk
E=2Y EEr-D @)
Total r. 284 Raw S.S. - C.F.

~ The block effects and the factorial effects (main and interactions) can be tested for
Significance by comparing their mean S.S. with error S.S.
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6-9-2. Yates’ Method of computing Factorial Effect Totals. For the calculation of
various factorial effect totals for 27-factorial experiments F. Yates developed a special

computational rule which enables us to avoid specific algebraic formulae, e.g., the
expressions in (6-221) for 22-factorial experiment. Yates’ method consists in the following

steps :
1. In the first column we write the treatment combinations. It is an essential part of the
procedure that the treatment combinations be written in a standard systematic order as

explained below :
“Starting with the treatment combination I, each factor is introduced in turn and is then

followed by all combinations of itself with the treatment combinations previously written
down, e.g., for 22-experiment with factors A and B, the order of treatment combinations will
be 1, a, b, ab and for 23 factorial experiment with factors A, B, and C, the order of treatment
combinations will be 1, a, b, ab, ¢, ac, be, abe, and so on. [For details of 23-experiment,

notations, etc. see § 6-9-3.]
2. Against each treatment combination, write the corresponding total yields from all the

replicates.
3. The entries in the third column can be split into two halves. The first half is obtained
by writing down in order, the pairwise sums of the values in column 2 and the second half is

obtained by writing in the same order the pairwise differences of the values in second
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Jumn. It is to be remembered that the
Cu

member of a pair.

4. To complete the next (4th) column, the whole of the
~eated on column 3, and for 23

rep

Thus for a 27°-factorial ex
rocedure. The first term in t
while the other entries in the last column
corresponding to the treatment combinations in the first colu
640 and 6-41, we illustrate Yates’ Method for 22 and 23 factori

periment there will be n cycles of this “sum
he last, viz., (n + 2)th column alw

procedure ag expl
-design, the 5th column is derived from

first member is to be subtracted from the

ays given the g
are the totals of the m

TABLE 6-40 : YATES' METHOD FOR A 22-EXPERIMENT

second

ained in step 3 ig
4th in a similar

and difference”
rand total ((3)
ain effects or the interactions
mn of the table. In the Tables
al experiments respectively.

" Treatment | Total Yield from
| Combination all replicates Effect
' (1) 2) (3) Totals
f ‘T (1] (1] + [a] (1] + [a] + [b] + [@b] | Grand Total
' a [a] (0] + [ab] [ab] — [b] + [a] - [1] (A]
b (6] [a] - [1] [ab] + [b] - [a] - (1] (B]
| ab [ab] [ab) - (8] | [ab) - [b] - [a] + [1] [AB]
TABLE 6-41: YATES' METHOD FOR A 23-EXPERIMENT
Treatment | Treatment
Combination Totals Effect
(1) (2) (4) (5) Totals
T (1] (1] + [a] = uy (say) | uy + up= Uy | U1+ vy=w; | Grand Total
a [a] (6] + [ab] = u, (say)| ug+ wuy = Vg | Ug+ Uy =, (A]
b [b] [c] + [ac] = uj (say)| ug+ ug= Uz | Ug+ Ug= w, (B]
ab [abd] [bc] + [abe]l =uy (say) | ug + ug = v, U7 + Vg = Wy [AB]
¢ [e] la] - [1] = ug (say) | wy—uy = vy Vg — Uy = wp (C]
ac lac] [ab] - [b] = ug (say) | ws—uy=vs | vy-vy= 1w, [AC]
be [be] lac] - [e] = u7 (say)| ug—us=vy | vg—v5= 1w, [BC]
____abc [abc] [abc] - [bel = ug (say) | ug—uq = vy Vg — U7 = wg [ABC]

TARIE 2 An
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