Probability

5.1. INTRODUCTION TO PROBABILITY

competition. These examp
previous knowledge and a

nalytical thinking. We need a quantitative measure of this
uncertainty or expectation

s. For this purpose, the probability theory was introduced.
5.2. HISTORY OF PROBABILITY

The theory of probability was first introduced by Blaise Pascal and Pierre Fermat in
17th century related to the problems of gambling involving the dice. De-moiv
Pascal are two main contributors in the initial stage. James Bernoulli wrote “treatise on

probability.” De-moivre wrote “Doctrine of chances” in 1718. Some other contributors are

Bayes, P.S. Laplace, Levy, Von Mises, R.A. Fisher, Chebychev, A. Markoff, LiapounofT,
A. Khintchine and A. Kolmogrov in the development of various aspects of probability.

3.3. BASIC CONCEPTS OF PROBABILITY
1. Experiment

An experiment is a physical activity which has a se
outcomes.

re and

veral resultants known as

Example. Tossing a coin
Measuring the length of the table,

Experiment is of two types : (i) Deterministic ex

periment; (ii) Undeterministic or
random experiment.
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2. Deterministic Experiment

If an oxperiment has certain resultant is called Dete
Example. Measuring the Length of a table
Measuring the Width of the wall.

rministic Experiment.

3. Undeterministic Experiment (or) Random Experiment
If an experiment is repeated under essential and homogeneous (identif:al) conditi'o:,a,
and it has several possible outcomes, then the prediction of an outcome 18 not possin).
(i.e. outcome is not certain), is called a random experiment.
3xample. 1. Tossing two coins
2. Throwing a die
3. Two players are playing a game.

4. Trial

A single performance of an experiment (i.e. conducting experiment once) is called z

trial.
Example. 1. Tossing three coins

2. Playing pack of cards.

5. 0utcome
The resultant of a random experiment is known as outcome.
Example. 1. In tossing a coin, head and tail are outcomes.

2. In throwing a die, 1, 2, 3, 4, 5, 6 points on the face of a die arz
outcomes.

6. Sample Space

The set of all possible outcomes in a random experiment is called a sample space. It
is denoted by S.

Example :

1. In tossing two coins random experiment, the sample space S is
S = (HH, HT, TH, TT}

2. Inthrowing a die random experiment, the sample space is
S=1(1,2,3,4,5,6) |

3. Ifthree players A, B and C are playing a game, then sample space is
S =(A, B, C)
7. Event

An event is a set of single or many outcomes of a rand i -
. om ex n . v 1= z
subset of sample space S. Event is denoted by E. peniment. The event

Example:
1. In tossing a coin, getting a head is an event.
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2. In tossing two coins, getting atleast one head, i.e., (HH, HT, TH) is an event,

In throwing two dice, getting same points on the two faces of the dice may be an
event.

E =1{(1,1),(2,2),(3, 3), 4, 4), (5, 6), (6, 6)).

4. In throwing two dice, getting the sum is 12 on the two faces of the dice may be
treated as an event.

E = {6, 6))
8. Elementary Event (or) Simple Event

A simple event or elem
further into smaller events,

Examples ;
1.
B

entary event is an event which cannot be broken or divided

In tossing a coin, head and tail are simple events.
In throwing a die, getting the points 1, 2, 3, 4, 5, 6 are simple events.

9. Compound Event or Composite Event

Compound event is a combination of s
can be further divided into smaller events.

Example :

everal simple events. Thus a compound event

1. In throwing a die, getting an odd number is a compound event i.e. E = (1, 3, 5)

2. In tossing three coins, getting a head i.e. E = (HTT, THT, TTH] is a compound
event.

@Of Exhaustive Events  (fot)-= S

The total number of possible outcomes in a random experiment is known as
exhaustive events.

Example :
1. In tossing a coin, head and tail are exhaustive events.
2. In throwing a die, 1, 2, 3, 4, 5, 6 are exhaustive events.

. Mutually Exclusive Events (A R) = CP

No two or more events can occur in the same trial are called mutually exclusive
events

(or)

Events are said to be mutually exclusive if the happening of any one of them
precludes the happening of all the other events.

Example :

1. In tossing a coin, head and tail are mutually exclusive events.

2. Inthrowing a die, getting 1, 2, 3, 4, 5, 6 are mutually exclusive events.
10. Equally likely Events

The outcomes of a random experiment are said to be equally likely events if taking
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into consideration all relevant evidences, there is no reason to expect one in preference t,

the others.
Example :
1. In tossing a coin, getting a head or a tail are equally likely events.
2. In throwing a die, getting 1 to 6 are equally likely events.

11. Favourable Qutcomes
The number of outcomes favourable to an event is the number of outcomes which

entail the happening of the event.

Example:
1. In tossing two coins, for getting atleast one head event, favourable outcomes are
{HT, TH, HH}

2. In throwing two dice, for the event of getting sum is 4, the favourable outcomes

are (1, 3),(2,2)(3, 1)
12. Independent Events

Two or more events are said to be inde
one event is not affected by the happening or non-happening of th

Example :

1. In tossing a coin twice, getting a head in the first trial is indepen

head in the second trial.

2. In drawing two cards from a pack of cards, drawing a card in the second draw is
independent of drawing a card in the first draw if the selected card in the first
draw was replaced before the second draw. Otherwise they are dependent i.e. if

the card is not replaced before the second draw.

13. Complementary Event
If E is an event, then its complementary event consist outcomes of the sample space

S and should not contain outcomes of E.

It is denoted by E or E¢ or E.

E=S-E

Example :

1. In tossing a coin, if event E is considered as getting a head then its
complementary event is E = getting a tail.

2. In throwing a die, if event E is taken as getting odd number in the face of die,
then E = getting even number = {2, 4, 6}.

pendent if the happening or non-happening of
e other events.

dent of gettinga

D 5.4. DEFINITIONS OF PROBABILITY
( Mathematical (or) Classical Definition of Probability

If there are ‘n’ exhaustive, mutually exclusive and equally likely outcomes and ‘m’ of
them are favourable outcomes to the happening of an event E. Then the probability of |

happening the event E is
/P E)=p = favourable number of outcomes
=P = exhaustive number of outcomes

m
n
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2. Statistical or Empirical Definition of Probability

If a random experiment is repeated number of times under essentially homogeneous
and identical conditions, then the limiting value of the ratio of the number of times the
event happens to the number of trials when number of trials become indefinitely large, is
called statistical or empirical probability. This is defined by Von Mises.

Symbolically, if event E happens ‘n’ times out of total n trials, then

P(E)=p = lim z
n

- 0

3. Probability Space
The triplet (S, B, P) is called probability space.

where S: Sample space
B: Borel o-field is set of all subsets of S (i.e. contains all events)

P : Probability function defined on Borel o-field.

4. Axiomatic Definition of Probability
Let (S, B, P) be a probability space. A function P defined on o-field B satisfying the

following axioms
(1) P(E)>0, wi (positivity)
(71) P(S)=1 (certainty)
(z11) If the event E,, E,, ..., E, (EB) are disjoint events, then
P(E,U E2U ... UE,) =P(E,) + P(Eyp) + ... + P(E,)

ie. P ( U E,-): Y P(E) (additivity)
i=1 i=1

The probability P satisfying the axioms positivity, certainty and additivity is called
axiomatic definition of probability.

Properties of Probability

For any event A, P(A) = 0.
For the impossible event, P(¢) = 0.
The probability of the sample space (or) certain event is unity, i.e., P(S) = 1.
For any event A, Probability of the complementary event of A is P( A)=1-P(A).
If A and B are mutually disjoint events, then
P(A U B) = P(A) + P(B)

6. For any two events A and B,
P(AU B)=P(A)+ P(B)-P(AN B)/
-

N

5.5. CONDITIONAL PROBABILITY

If A and B are any two events, then happening of event B after the event A has
already happened is called the conditional event of B given A and is denoted by B|A.
Happening of event A when the event B has already happened is known as conditional

event of A given B and is denoted by A|B.
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N Definition. The probability of happening the event A when the event B has already

22ppened is called conditional probability of A given B. It is denoted by P(A|B) anq i
Siven by

fl'

n(ANB)
) = ——
PA[B D
(or)
£ )
P(A|B) = %B_ . P(B)>0. [For A|B, the sample space is B)

The probability of happening the event B when the event A has already happened is
ca..nd the conditional probability of B given A. It is denoted by P(B|A) and is given by

n(ANB)
PBlA) = ()
P(B|A) = %, P(A) > 0. [For B|A, the sample space is A]

5.6. INDEPENDENT EVENTS
Two events A and B are said to be independent if and only if
P(AN B) =P(A). P(B).
{or)

An event B is said to be independent of event A, if the conditional probability of B
Ziven A is egual to the unconditional probability of B.

ie.  PB|A) =P®B)

P(AN B) =P(A). P(B|A) = P(A) . P(B)
My P(A|B) = P(A).
and P(AN B) = P(B) P(A|B) = P(B) . P(A).

A
PROBLEMS

RSt

PROBLEM 1. If two coins are tossed, find the probability of getting atleast one
head.

SOLUTION. If two coins are tossed, the sample space
S={HH, HT,TH,TT)},n=4
Let event E : getting atleast one head.

E: getting no head

For E favourable outcomes = (TT) Lom=1
— m 1
P(E) = = Z
1 3
PE) =1- i1
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PROBLEM 2. If two dice are thrown, find the probability of getting a sum is 10,
SOLUTION. The sample space S = (1, 1)(1, 2), ..., (6, 5), (6, 6)]
n =062=36,
Let E: getting the sum is 10
E =14, 6), (5, 5), (6, 4))
" m =3
3
=5
PROBLEM 8. A bag contains 3 red
that two balls drawn are white and red.
SOLUTION. Total number of outcomes = 16¢, = 120
Let E be two drawn balls are white and red.
. m =6¢, 3, =18

m 18 3
p—————_

» 6 white and 7 blue balls. What is the probability

PROBLEM 4. Two cards are drawn from a well shuffled pack of 52 cards. Find the
probability that they are (i) two aces, (ii) a king and a queen.

SOLUTION. Total number of outcomes = n = 52¢, = 1326

(i) Let event E be drawing two cards are aces
Favourable number of outcomes of E are

m =4%5=6
6 1
P(E) =1396 = 221

(if) Let event E be drawing cards are king and queen
Favourable outcomes for E are '
m =%;.%;=16
16 8
P(E) = 1326 ~ 663
PROBLEM 5. What is the probability that a leap year contains 53 Sundays.

SOLUTION. A leap year have 366 days, 52 weeks and two days leftover. The total
number of outcomes are

. S = {(Sun, Mon), (Mon, Tue), (Tue, Wed), (Wed, Thu), (Thv, Fri), (Fri, Sat), (Sat,
Sun)}

n="7

52 week contains 52 Sundays and another Sunday required to get 53 Sundays.
Let E be 53 Sundays in a leap year.

Favourable outcomes of E are
E = {(Sun, Mon), (Sat, Sun))

m =

2
P(E) = 7
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; “Find the probabilit
PROBLEM 8. Five digit numbers are formed with 0, 1, 2, 3, 4. Il y

of getting 2 in the ten’s place and 0 in the units place always. |
n

SOLUTION. Total number of 5 digit numbers formed by using
n=51-41 (or) 4x4!=96

A number starts with 0, it cannot be treated as

should be subtracted. R

Let event E be getting the number with 2 in 10’s p

m=3!.1.1=6

0,1,2,3, 4are
five digit number, therefore 4

ace and 0 in units place always,

envelopes and if all the letters are placed i

PROBLEM 7. There are 4 lotters anc 4abilit:y that atleast one letter will be place ip

the envelopes at random, then find the prob
wrong addressed envelop. _
SOLUTION. 4 letters are placed in 4 envelops 1n 4 ! ways

n =41=24
Let E be atleast one letter will be placed wrongly.

E is no letter will be placed wrongly (i.e. all are in correct addresses)

Favourable outcomes for E

m=1
— 1
p 1 23
P(E) =1-P(E) = 1-£=24-

PROBLEM 8. What is the probability that four S’s come consecutively in the word
MISSISSIPPI.

SOLUTION. MISSISSIPPI has 4S’s 2P’s, 41’s, 1-M.
Total number of outcomes
11!
T E412)
Let E bhe the event of getting four S’s come consecutively.
Favourable outcomes of E are

= 34650

™ =g -840
(Since if all 4 S’s consider as one letter, then total 8 letters can be arranged in 8 !
ways)
m 840 4
PE) = = 34650 = 165
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) Theorems of Probability

\ 6.1. ADDITION THEOREMS
\-"“
Addition Theorem of Probability for two events

Statement : If A and B are any two events, then
P(A UB)=P(A) + P(B)-P(AN B).
Proof:

>
.
@

Express A U B as union of two disjoint events A and A N B as shown in the Venn

diagram. _

Consider probabilities, ~
P(AUB)=P(AU(A N B)) |
=P(8) +P(ANB) [+ from additivity]

Add and subtract P(A N B)

—— - 4 2 TYTIVYIVITUES IS ¢ 2T T e e 70T e s AT M EM W WL D T TRUOETICSS i § 2 4 55 v9met s o o r—
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P(AUB) =P(A)+P(A NnB)+P(An B)-P(A n B)
=P(A) + P[(A nB) U (AnB)]-P(An B)

[~ A NnB and AN B are disjoint events]

=P(A) + P(B) - P(A N B) [from Venn diagram)]
P(A U B) =P(A) + P(B)- P(A N B).
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2. MULTIPLICATION THEOREMS

Multiplication Theorem of Probability for two events
Statement : For two events A and B,
PIANE) =P(A), P(B|A), P(A)> 0

= P(B), P(A|B), P(B) > 0
where P(E|A) is conditional probability of B given A, P(A|B) is conditional probability of

A given B,

Proof : Let A and B are two events in the sample space S, and let n (A), n (B) are
elements (or) outecomes favourable to the events A and B respectively. Assume n (A N B)

be the favourable outcomes of A N B, n (S) be the total number of outcomes in the sample
epace. Then by the definition of probabilit

(A, (
P(A) —E-“AJ-, P(B):E-—@ P(AﬂB):n(AnB)

n(8) n(s)’ n(S)
, n(ANB) n(ANB)
(AIB) = —— -
FIAR) n(B) ' P(BJA) n(A)

Consider
(
PANE) < 2AND)
ni(s)
Multiply and divide with n (B)

A
PANE =" ANB) n(B) n(B) n(AnNB)

n(8) nB) n@) nm
= P(B), P(A|B), P(B) > 0
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Now consider

P(A N B) =n(AﬂB)

n (S)
Multiply and divide with n (A)
n(ANB) n(A) n(A) n(ANB)
nS) nA) nS) n)
= P(A), P(B|A), P(A)>0

P(ANB) =
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\_\j 6.4. BAYES' THEOREM

Baye's Theorem. If E,, Ey, ... E, are »" mutually disjoint e\'onts with P(E;) = 0,

=1, 2, ... n, then for any arbitrary event A whuh 18 a subset of U E; such that
=1
P(A) > 0, we have .
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P(E,) . PA|E,)
PE A = PAED

Y P(E) . PA|E)
1

“E

ut

n
Proof: Since AC U E,, then we know
i=1

A=AnN LJl E;
A =AN(E{UEU .. UE) =(ANE) UANEy U
-V @ng
Since E,, E.. ..., E, are mutually disjoint events, A N E;, A N Ey,

disioint events.
-. By using additivity axiom of probability,

P(A) =P[CJ (AN Ei)]
i=1

=P[ANE)UANE)U..UANE,)]

=PANE)D+PANEY)+..+PANE,) [

e S PANE)
i=1

PA) = 3 PE).PA[E)
i=1

[This is called total probability]
Also we know that
P(ANE;) =P(A).PeE;|A)
PAANE) _P(E).PAE)

P(A) ’
> P(E).PA|E)
i=1

P(E;|A) = i=1,2,..n

L.UWANE,

... AN E,are also

from additivity]

...(1)

[From (1)]
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6.2. BOOLE'S INEQUALITY

() Statement t For n oventa Ay, Ay, ... A, wo have

(ﬂ A) > PA) = (n 1),
i=l

i=1

Proof : This theorem can be proved by using mathematical induction.

For ~n =2, we have
P(AJUAy) =1
P(A)) + P(Ag) - P(A; NAY =1
P(A)) + P(A) - 1 s P(A; N Ay)
P(A; NAy) = P(A)) + P(Ag) -1
Hence the theorem is true for n = 2

Let us suppose that the theorem is true forn = r
r

P (iélA;)z 3, PA)-(r-1)

i=1
Now, we have to proveitforn=r +1
Consider

P(TﬁlAi)=P(h A,.nAm):P(ﬁ A,-)+P(A,+1)—1

i=1

ZEP(A,) (r-1)+PA,,)-1

r+1 r+l1
( ) EP(A,) (r+1-1)

. The theorem is true forn=r + 1.

...(1)

...(2)

[from (1)]

[from (2)]

Hence by mathematical induction, the theorem is true for all values of n.

(ii) Statement : For n events A,, Ay, ... A,, we have
n n
P (U A,) s 2 P(A;)
Proof : We can prove thxs theorem by using mathematical induction.
For n =2, we have
P(A;UAy) =P(A)) + P(A;)-P(A, N Ap)

P(A; U Ay) = P(A,) + P(Ay) (D) [
Hence the theorem is true for n=2,

RS R e ———

P(A; N Ay) 20]
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Let us suppose that the theorem is true for n =r.
r 4 ‘
P ( U Ai)s E P(A) ..(2)
i=1 i=1

Now, we have to prove it forn =r + 1.

Consider
r+1 ' r
P(UA,-)=P( AiUAHl)
i=1 i=1
<P ( 0 A,-) +P(A,, 1) [from (1)]
i=1
< E P(A;) + P(A,, 1) [from (2)]
i=1
r+1
<= Y P(A)
i=1

Hence the theorem is true forn =r + 1.
The theorem is true for all the values of n.
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