Bivariate Random Variables

Bivariate Random Variables (AU 2018)

Definition. Let X and Y be two random variables defined on the sample space S,
then the random vector (X, Y) assigns a point in the two dimensional space R? is called
two dimensional random variables or bivariate random variables.

Examples :
1. Heights and weights of a group of persons.
9. Income and expenditure of a group of families.

3. Volume and pressure of a gas.

Bivariate Distribution

Bivariate distribution can be defined for two kinds of random variables, discrete and
continuous. There are three concepts—joint, marginals and conditions for both discrete
and continuous random variables separately.

2.1. BIVARIATE DISTRIBUTION : DISCRETE RANDOM VARIABLES

The joint, marginals and conditionals for discrete random variables can be explained
below.

1. Joint Probability Mass Function (AU 2017)

Let X and Y be two discrete random variables taking the values xy, xy, ... x, and y,
Yo, ..., yn respectively. The function p;; defined on X = x;and Y = y; is called joint
probability mass function of (X, Y), is denoted by PX=x;, Y=y)or PX=x;NY =y)) or
P(x;, y;) and is represented in the following bivariate table.



D

| 40 || RANDOM VARIABLES AND MATHEMATICAL Expgey,
Ulh
g » WHH.“ ‘
e S X Xy X} Yim hingg, f

M Py Py Pir P B

o 1)12 P22 ng X PmQ P.2

¥j Py Py Py Py P,

Yn _iln P2n Pin q Pmn P‘n
_Mdz;fginals Of Pl' Pz- Pi° Pm° P i ~

X

. F __-_\
Definition. The joint probability mass function of X anFI_Y is denoted by P(y, ..
p; or PX=x; Y =y;) and it should satisfy the following conditions. ]

(i) Plx;y) 20 % ()

m n
@ ¥ Y Plyy)=1
i=lj=1
2. Marginal Probability Functions (AU 207
There are two marginal probability functions.

1. Marginal Probability Function of X
Marginal probability function of X is denoted by Px(x) or P(X = x;) or p;. and

defined as
PX=x)=PX=x2,Y=y)+ PX=ux;,Y=yd) + ...
oo T P(szi,Y=yj) + e P(X=be:'\

=pp +Pie+ .-+ P+ . FPin

n n
=3 pjlor) ¥ Plx,y), i=12..m
i=1 j=1

Marginal probability function of X should satisfy the following conditions.
(i) p,=PX=x)20w1

i) Y pi= ) PX=x)=1
i=1 i=1

2. Marginal Probability Function of Y

Marginal probability function of Y is denoted by Py(y) or P(Y = y;) or p; and
defined as 4

P(Y :.}'J) -‘—‘P(X =x1,Y=yJ-)+P(X =x2=Y=yj)+ .
A PE=x, Y=p)+ . FPX =2 V7
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3. Conditional Probability Functions

There are two conditional probability functions.

1. Conditional Probability Function of Y given X
The conditional probability function of Y given X is denoted by P(Y = y;| X = x;) or
\ PX = X, Y= yj)
P(X = xi)

Properties of conditional probability function of Y given X :

@) PY=y|X=x)20 )

P(y[x) and is defined as P(Y = yi|X=x)=

() > PY=y]X=x)=1
j=1
2. Conditional Probability Function of X given Y
The conditional probability function of X given y is denoted by P(X = x;| Y = ¥j) or
PX=x;,Y=y)
PeY = _}’j)
Properties of conditional probability function of X given Y :

() PX=x;|Y=3)20 1

P(x|y) and isdefined as PX=x;|Y =y;) =

@) D PX=x|Y=p)=1
i=l

Note : The natation of joint marginal and conditionals can also be represented
simply as follows.

Joint : P(x, y), Marginals : P(x), P(y),
Conditionals : P(x|y), P(y|x)

Marginals : P(x) = Z P(x, y), Py) = 3, P, y)
Conditionals : P(x|y) = PI(’JEyJ)’) i Py)s
P(x, y)

Ply|x) = Plx) , P(x)> 0.
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22 BIVARIATE DISTRIBUTION : CONTINUOUS RANDOM VARIABLES

The joint, marginals and conditionals for continuous random variab]e can

explained below:.

1. Joint Probability Density Function (AU 20;-
The joint probability density function of the random variables X and Y ig |
Aq (x, ») or flx, y)and it should satisfy the following conditions.

@) fla, )20 vy

m @™

(i1) fff(x,y) dxdy=1

—00

denoteq

(it7) Probability of an event lies in the interval of x in (a, b) and y in (¢, d) is
b d

P(a<X<b,c<Y<d)=J'J‘f(x,y)dxdy.

a

2. Marginal Probability Density Functions (AU 2075
There are two marginal probability density functions.

1. Marginal Probability Density Function of X

The marginal probability density function of X is denoted by fx(x) or f(x) anq i
defined as

o

flx) = f fx,y) dy.

Properties of marginal probability density function of X :
(1) fx) 20  x.

(if) f flx)dx = 1.

2. Marginal Probability Density Function of Y

The marginal probability density function of Y is denoted by fy(y) or f(y) and
defined as

fy) = f flx,y) dx

Prop?rties of marginal probability density function of Y :
@) f)=0 wy

(i) f fo)dy=1
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3. Conditional Probability Density Functions

There are two conditional probability density functions.

1. Conditional Probability Density Function of Y given X
The COl?ditionui probability density function of Y given X is denoted by fy, x(y|x) or
f(y|x) and is defined as

xy)
fy|x) = f(),fx

Properties of conditional probability density function of Y given X :
@) flx)=0 wy

(i) ffmx) dy =1

2. Conditional Probability Density Function of X givenY

The cor}ditional probability density function of X given Y is denoted by fx y(x|y) or
f(x|y) and is defined as

f,y)
(x|y) =—F= ) , >0

Properties of conditional probability density function of X given Y :
@) fx|»=0 wx

(ii) If(x!y) de=1

2.3. DISTRIBUTION FUNCTIONS OF BIVARIATE RANDOM VARIABLES

(AU 2018)
1. Joint Distribution Function

The joint distribution function of X and Y is denoted by Fxy(x, ¥) or F(x, ¥) and is
defined as

Fxy(x, y) =PX sx,Ysy)

For discrete,

x Y
Fix,y)=) ) PX=xY=y)

For continuous,
x oy

Flx, y) = f ff(x, y) dx dy.

—% —®
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Properties of Joint Distribution Function

1. Ifay, ay by, byare real numbers, then
= L‘X"’ (hl, 1)2) o+ FXY (al, Clg) -— ny(al' [)2) - FXy ”JI
0Oand 1,ie. 0sF(x, y)s 1. ra,

]1((71 - x 1 h]. tl'-Ly*-: \? = h;.l"
Limits of joint distribution function is

>
.

3 F (=, -x)=0, F(o, ) =1
F(—oo, ¥) = 0, Fx, —») = 0
4. Iff(, v) is the joint p.d.f. of (X, Y), then
32 F(x, y)
fle, y) = dx dy

2. Marginal Distribution Functions

1. Marginal Distribution Function of X
The marginal distribution function of X is denoted by Fx(x) and is defined a5
Fx(x) =PX sx)=PXsx,Y<®)

N =Y PX sz, Y=y =F&, ©
Yy

Properties of marginal distribution function of X :

1. Pla<X=<b)=F@®)-F(a)
2. 0sFx)s1
3. F(-»)=0, F()=1.

2. Marginal Distribution Function of Y
The marginal distribution function of Y is denoted by Fy(y) or F(y) and is defined 5

Fy(y)=PY sy) =PX <, Y=<y)
=Y PX=xYsy)=F(x,y)

Properties of marginal distribution function of Y :

1. Ple<Y=d)=F(d)-F(c)

2. 0sF(y) <1
3. F(-»)=0, F(e)=1.

3. Conditional Distribution Functions

1. Conditional Distribution Function of Y given X
The conditional distribution function of Y given X is denot Fyl:
and is defined as £ & ERROEEERY Mt d
Fyix|x)=P(Y = y|X =x)
Properties of conditional distribution function of Y given X :

1. Ple<Y=sd|X)=F(d|x)-F(c|x)
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2. O0sFy|x)s1,
3. F(~m|.1'1 = (), ]"(d.\l_\'l e 1,

2. Conditional Distribution Function of X glvenY

The conditional distribution function of X given Y is denoted by Fy y(x|y) or F(x|y)
and is defined as

in yvix |_\') =PX < xl Y= y)
Properties of conditional distribution function of X given Y :

1. Pla <Xsb|y)=F(b|y)—F(a|y)
2. O0sFx|y)=<1

8. F(-»|y)=0, F(o|y) =1,

2.4. INDEPENDENCE OF RANDOM VARIABLES

Lgt us consider X, Y be two random variables with the joint p.d.f. P(x, y) or f(x, ¥) and
margln'als P(x), P(y) or f(x), f(y) and conditionals Pix|y), Ply|x) or flx|y), fiy|x)
respectively for discrete and continuous random variables. Then the random variables X
and Y are said to be stochastically independent or independent if

P(y) = P(y|x) } )
for discrete
and P(x) =P(x|y)
o) =fly[» } for continuous
and flx) =f(x|y)

This can be proved in a simple way. Let X and Y be continuous random variables and
if f(y| x) does not depend on x, then

fy) = ff(x,y)dxz ff(x).f@|x)dx
=fly|x). ff(x)dx (*+ f(y|x) does not depend on x)

=f(y|x) ( ]:f(x)dx=1)

f(y) = f(y|x) provided f(y|x) does not dependent on x, i.e. if X and Y are
independent.

The joint p.d.f. can be expressed as i
flo,y) =f). fly|x) =fx).f() (for continuous)
Similarly for discrete P(x, y) = Px) . P(y).
This leads the definitions of independent random variables.
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Definition. Two random variables X and Y are said to be independent if and
Only ¢

P(x, y) = P(x) . P(y), for discrete

flx,y) =fx). f(y), for continuous.

so true for distribution functions, i.e. two rang
on

Note : This definition is al
dependent if and only if

variables X and Y are said to be in
F(x, y) = F(x) . FO)
F(x, y) : Joint distribution function

where
nal distribution functions of X and Y.

F(x), F(y) are margi

utions
d marginal distribution of X.

rginal distribution of Y.

Marginal distrib
1. (x, Px))is calle
2. (v, P(y))is called ma




