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MathematicaIExpectation

3.1. DEFINITION ' (AU 2018)

Let X be a random variable, then it

d is defined as s mathematical expectation is denoted by E(X)
an

2 2. Plx), for discrete random variable
EX) =
f x f(x)dx, for continuous random variable.

Expectation exists provided the series/integral is absolutely convergent i.e.,

X

z|x1.P<x)<oo,j | x| f&) dx < .

-0

3.2. EXPECTATION OF FUNCI' ION OF A RANDOM VARIABLE

If g (X) is a function of a random variable, then expected value of g (X) is deﬁned as
> g(x).P@), for discrete

ElgX)] = J‘ g(x) . f(x)dx, for continuous

3.3. MOMENTS USING EX_PECTATIONS

L Non Central moments
If g(x) =x7, then
EXr) =3 «7.P(x), for discrete

= J' x". f(x)dx, for continuous
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This is rth moment about origin (non-contral momaents).
If r =1, E(X) = mean =y’ )
f ro=2, BX? =py and prg=py ="

Variance = E(X?) - [EX)[?

This is variance of X.
2. Central moments
Ifg(X) = (X -mean) = (X - EX)) = (X - Xy, then
E(X-X)) =3 (x-X) Pk), for discrete

= J' (x—x) . f(x)dx, for continuous

This is rth moment about mean or central moments.
Ifr=2

EX-X)? = Wo = Variance
Ifr=3,

E(X - X)3 = g is third central moment.
Result : E(C) =C, C is constant.

If gX) =C, then
EC) = f C.f(x)dx [let X be a continuous random variable]
=C. f f(x) dx
=C.1 (~+ By the definition of p.d.)
=0
EC) =C

In similar way, we can prove for discrete random variable also.

Statistical averages using expectations
1. Mean =y, = EX).
2. Variance = y, = E[X - E(X)]2 = E(X2) - [E(X)]2
3. rth moment about origin or non-central moments = E(Xr)
4. Central moments (or) rth moment about mean
#r-= E{X-EX))}
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3.4. COVARIANCE USING EXPECTATIONS
If X and Y are two random v
i defined as

ariables, then covariance between the variables X and Y

Cov(X,Y) =E {X - gy
This formulae also 1Y - E(Y)}}

can be expressed as
CovX, ¥) = E{XY - XR(y)_ YE(X) + E(X) . E(Y)}

= EXY)~EX) . B(Y) - B(Y) . EX) + EX) E(Y)
=EXY)-EX). E(Y).
independence of Random Variables using Expectations

The .random variables X and Y are said to be independent if E(XY) = E(X) . E(Y).
l.e. Cov (X) Y) = E(XY) s E(X) ) E(Y) =0

3.5. ADDITION THEOREM OF EXPECT ATIONS

. (Aau2019)
Statement. If X and Y are two random variables, then,
: EX +Y) = EX) + E(Y).

P.roof : Let X and Y be continuous random variables with joint p.d.f. Ax, ¥) and
marginal p.d.f:s f(x) and f(y) respectively.

[W? can prove this theorem for discrete random variables by using summation
instead of integration]
By the definition of expectations,

EX) =

E(Y)

Now consider

[= I

‘ f (x +y) f(x, y) dx dy.

v
—0  —0
®©

F

EX +Y)

o0

= fxf(x:}’)dxdy+

— -

}x I}f(x,y)dy]dx+fy-Hf(x,y)dx‘dy

-

h— 8

fyf(x.y)dxdy

i

) @

fo(x)duJ’y.f@)dy=E(X)+E(Y)

—-x

EX+Y) =EX) +E(Y).

-0
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Generalization of Addition Theorem of Expectations
Statement. The mathematical expec tation of sum of n random variah]q, | Iy

the sum of their expectations, provided all the expectations exist. 0,
ie. if Xy Xg, .. Xyare o' random variables, then

BX; + Xg+ ... +Xp) = EX)) + EXg) + ... + E(X,)

1.e.

Proof : For two random variables X, and X,, we have
EX; + Xp) = EX)) + E(X3)
. The theorem is true for n = 2. !

Let us consider the theorem is true for n =r,

Considerforn=r +1

r+l1 r
E|Y X =E[2 X;+X: 41
i=1 i=1
=E (E X‘) +E(Xr+1) [ from (1”
| =3 B+ EX,..0) [+ from @)
E E(X))
r+1 r+1
(}j X;|=) EX)
i=1

The theorem is true forn =r + 1. Hence by m ical i -
: = - athemat
Sarae s allvaliss of . y ical induction the theorem

3.6. MULTIPLICATION THEOREM OF EXPECTATIONS
Statement. If X and Y are independent random variables, thre-nr

4 EXY) = EX) . E(Y)

Proof : Let X and Y be j :
definition of expectations e independent continuous random variables, then by the
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o

E(X) = Ixr'(x)dx

-
-

E(Y) = J.J’f(}')dy

where f&), f(y) are marginal p.d.fsof X and Y

EXY) = J' f xy f(x, y) dx dy

where f(x, ¥) is joint p.d.f,

@ o0

=I fxy.f(x).f(y).dxdy-

-0 —

(- X and Y are independent, then f(x, y) = f(x) . (%))

=l]‘xf(x) dx]

—t0

EXY) =EX). EY).

yf(y)dy}zE(X).E(Y)

—

Generalization of Multiplication Theorem of Expectations

Statement. The mathematical expectation of the product of ‘»’ independent random

variables is equal to the product of their expectations, i.e. if X;, X,, ... X, are n’
independent random variables, then symbolically

EX; X;...X)) =EX;). EX,) ... EX,)

[1x
i=1

Proof : For two independent random variables X, and X,, we have
E(X; X,) = E(X,) . E(Xy) (1
Let us suppose that the theorem is true forn =r

I x
=1

Consider forn=r +1

or E =[]EX)
i=1

E i H EX,) )
i=1

r+1 r
E|]] Xi|=E Hxi X+ 1)
i=1 i=1
=B H X; | -EX, 1) [+ from equation (1)]
i=1
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[ from “quntj,

|'| BX) - B, 00)
i=1

rel I
|

o ] l l'I{X,)

is]

(ra+)

I1x

rel

= [] EX)
=1 =1

The theorem is true for n = r + 1, hence by mathematical induction, the theoy,
Ui

E

is tr;m for all values of n.

3.7. PROPERTIES OF EXPECTATIONS

1. Show that E(C)=C
Proof : Let X be continuous random variable with p.d.f. flx)

E(C) =J'c.f(x)dx=c. J'f(x)dxzc.1=c.

EC) =C
2. Show that E(aX) = aE(X).
Proof : Let X be a continuous random variable,

]

E(aX) =J‘axf(x)dx=a fxf(x)dx=a.E(X)

—00

3. Show that E(@aX +b)=aEX) +b (AU 2019)

Proof : Let X be a continuous random variable,

[=2] @®

E(aX +b) =f(ax+b)f(x)dx=afxf(x)cﬂx+bf.ﬂx)dx

=aEX)+b.1=aEX)+b
4. IfX and Y are two random variables, then show that E(aX + bY) = ¢E(X) + bE(Y)

Proof : Let X and Y be continuous random variables, f(x), f(y) are p.d.f. of X
and Y.

o o

E(aX + bY) =f f(ax+by)f(x,y)dxdy

where f(x, y) is the joint p.d.f. of X and Y

o =] =2 -]

=f faxf(x,y)dxdy+f fbyf(x,y)dxdy

=00 -0 —00  —n
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Y. fo)dy=a EX)+ b E(Y).

5. IfXis a random variable and q is con
stant, th
() Ela y X)] =a E [y(X)] en show that

(it) Bly(X) + a] =
where y(X) is a function of X. Y(RA) +a] = E[yX)] + a.

Proof : Let X be a continuous random variable

o0
-}

@) ElaypX)]

J' @) ) d = [ i) ) e = BLY()

-0
—00

@) EX) +a)

j(w(x)w)f(x)dx: J‘ wis) P e+, If(x)dx

= E[y(X)] +a ( f flx) dx = 1)

6. Show that if X = 0, then E(X) = 0.
Proof : If X is a continuous random variable, X = 0 then

o 0

EX) =J.xf(x)dx=[[xf(x)dx20 (Since x = 0)

-0

(Since f(x) = 0 always)
EX) =0 for X=0

7 ." If X and Y are two random variables, if X = Y, then show that EX) < E(Y).
Proof:Since X=sY

X-Y=<0
Consider mathematical expectations,
EX-Y)s0
EX)-EY)=<0
EX) = E(Y)
8. Showthat |EX)|<E|X|
Proof: Since X=s|X|

EX)<E | X| (D)
and also, since X = | X |
E-X)sE | X|
—EX)sE | X | .(2)

From equations (1) and (2), we get
|EX) | <sE | X|.
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3.8. PROPERTIES OF VARIANCE

1. Show that Var (C)=0,Cisa constant

Proof: Var (C) = E[C - E(C)?=E[C- CJ? (- B, .

=1 ‘I

2. Show that Var (aX) =a? Var (X), where a is constant. (AU 2018
Proof : Var (@X) = E[aX - E(@X))* = E[aX — aEX))? J

= E[a[X - EX)]]? = a2 E[X - EX)I?
=a? Var (X)
3. Show that Var (aX + b) =a? Var (X), where a, b are constants.
Proof : Var (aX + b) = E[aX + b — E@X + b))2=E(@aX + b —aE(X) - b]2
= Ela[X - EX)]2= a2 E[X - EX)J? = a® Var (X).
4. Show that Var (aX +bY) = a?Var (X) + b2 Var (Y) + 2ab Cov (X, Y) where g 4 a
constants.
Proof :
Var (aX + bY) = E[aX + bY — E(@X +bY)]?
= E[aX + bY — aE(X) - bE(Y)]
=ElaX-EX)] + b[Y - EY)]?
= a?E[X - EX)I2 + b2E[Y - E(Y)]2 + 2ab E{[X - EX)] [Y - E(Y)])
=a?Var(X) + b2 Var (Y) + 2ab Cov (X, Y). \ |
5. Var (aX-bY) =a?Var (X) + 2 Var (Y) —2ab Cov (X, Y) (Proof is left to reader) |
6. Show that variance is independent of change of origin but not scale.

Proof:Let U-= X-};a

where a indicate change of origin
h indicate change of scale.
X-a
h
Consider variance
Var X) =Var(a + hU)=E [a + AU - E(a + hU))?
= Ela + hU - [E(a) + RE(D]F = E[a + AU - a - REU)]?
= E[4 [U - E(U))J*= h2E[U - E(U)P2
Var (X) = A2Var (U)
Variance is independent of change of origin but not on scale.

U= = X=a+hU

3.9. PROPERTIES OF COVARIANCE

1. Show that Cov (aX, bY) = ab Cov (X, Y.) |
Proof : Cov (aX, bY) = E{(aX - E(aX)] [bY - E®Y)]}
= E{laX - aE(X)] [bY - bE(Y)]}
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= E{a (X - EX) b 1Y - E(Y))

=ab B(X - BX)| (Y - I ; .
Show that HY ~ E(Y)]} = ab Cov (X, Y).

Cov(X+a, Y +b)=Cov (X, Y)
Proof :

CovX+a,Y+b) =E{X+a-EX+a)][Y+b-EY+b)]

=E{X+a-EX -al[Y +b-EY) - b))
(. E(a) =a, E(b)=b)
= E{X - EX)] [Y - E(Y)]} = Cov X, X
Show that Cov (aX + b, ¢Y + d) = ac Cov (X, Y)
Proof :

Cov(aX +b,cY +d) =E{[aX +b — E@X + b)][cY + d - E(cY + d)]}
= E{laX + b — aEX) - b] [¢Y + d — cE(Y) - d]}

= EaX - EX)] ¢ [Y - E(Y)]} = ac E{X - EX)] [Y - E)]}
=ac Cov (X, Y).

Show that Cov (aX + bY, ¢X + dY) = ac Var (X) + bd Var (Y) + (ad + bc) Cov (X, Y)
Proof :

Cov (aX +bY,cX +dY) = E{[aX +bY - E(@X + bY)] [cX + dY — EX + dV)I}
= E{la X - EX)] + b[Y - E(D]] [c[X — EX)] + d[Y — ECD]]}
=ac E{[X-EX)]%} + bc EX-EX)] [Y-EM)]}}
+ad E{X-EX)][Y - E(Y)]} + bd E{[Y - E(Y)]?}
=ac Var (X) + bc Cov(X,Y) + ad Cov (X, Y) + bd Var (Y)
= ae Var (X) + bd Var (Y) + (ad + bc) Cov (X, Y)

Prove that covariance is independent of change of origin but not scale.

X-a Y-b
Proof : Let U = 7 V="g
where a, b indicate change of origin
h, K indicate change of scale.
X—-a Y-b
U=73"» Vo g

= X=a+hU, Y=b+KV
Consider covariance of X and Y.
Cov (X, Y) = E{X-EX)][Y-EM)]}
= E{[a + hU - E(a + RU)] [b + KV -E( + KV)]}
= E{{a + hU —a — hRE(U)] [b + KV —b - KEW)]}
= E{[h [U - E] K[V - EW)]} = RKE{[U - E(W)] [V - E(V)]}
= hK Cov (U, V)
.. Covariance is independent of change of origin but not scale.
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3.10. CAUCHY-SCHWARTZ INEQUALITY (Ay.
. - - 9 [ Y A()I
and Y are random variables, then [E(XY))* s E(X?) , (y2 b

Statement. I\
Proof : Let us consider a real valued function on ¢, defined as
() = BX +2Y)?

for all real X, Yand ¢, (X + iY)220
then 2() =E[(X +tY)?%] =20 v t
= EX)+2EYY)+2tEXY)=20

2(#) is a quadratic expression in ¢

Let o) =At2+Bt+C=20

where A =E(Y?), B = 2E(XY), C = E(X?)

The quadratm expression ¢(¢) = 0 possible only when the discriminant B2 — 4AC ¢ 2
-4AC <0

[2E(XY)]2 4E(Y?) .EX?) <0
= [EXV]2-EX?).E(Y) =<0
[EXY))2 < E(X2) . E(Y2)

3.11.CHEBYCHEV'S INEQUALITY (AU 2017, 2019)
Statement. If X is a random variable with the mean u and variance o2, then for ap

positive number K, we have

1
P{|X-u| =Ko} Rz
1) P(X-p|<Ko)21l-7
Proof : Let X be a continuous random variable.
[For a discrete random variable, change integration by summation].

By the definition of variance
Var (X) = oy? E[X EX))? = E[X - u)?

= f (x —p)*f(x) dx (for a continuous random variable)

u-Ko x+Ko ®

= J‘ (x — )2 flx) dx + J' (x — w2f (x) dx + f (x — p)2f (x) dx
—0 ,U—K.G

n+ Ko
JJ.—KU o

> f (x — u)?f (x) dx + f (x = ) flx) dx.

- r+Ka

1+ Ko
( f (x — ) fx) dx 20
u—-Ko
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por the first integral

X su-Ko
or e e
= (x —p)? = K22 (X —p) = Ko
For the second integral
x zp+ Ko
= x—u 2Ko

(x —p)2 > K262
It is true for both the integrals 0

(x —H)z > K22
n-Ko

o

2
o? = J’ K202 f(x) dx + f K202 f(x) dx

n+ Ko

u-Ko -]
0?2 = K202 J‘ fx)dx + I flx) dx

—© u+Ko
o? 2 K202 {PX < - Ko) + PX > 1 + Ko)}
2 K?0% {P(X - 1 < —Ko) + P(X — > Ko)} = K202 P[| X~ 1 | = Ko]
02 2K20? P[| X—p | = Ko]
1 =2K?2P[| X-u | 2Ko]

e 2P[| X-u | 2Ko]

~  PX-p| =Kolsy;
This can also be
1
P[| X-pn | sKo]zl—ﬁ'
Result

1. Showthatpy=p; +1

Proof : To prove this, first we consider the result fo=p; - (2K + K2), proof of
this result is as follows.

Consider E(X) = 0 without loss of generality.
Then u, = E(X") (- EX)=0)
Consider a real valued function on { as
7(t) = E[X2+ (X + Kppl?20 w ¢
B[X4 + 12X2 + K2u,? + 2tX3 + 2KpuoX? + 2KugtX] 2 0
E(X4) + (ZE(X2) + K22 + 2t EX®) + 2K E(X?) + 2Kppt EX) 2 0
g + 2 + K22 + 2tpg + 2K ot =0 (+ EX)=0)
t2uy + 2tpug + g + K2ug® + 2Kuy2 20

A
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Since z(¢) is quadratic expression in ¢ and
2(t) =0 ¢ ¢ is possible only for discriminant = 0.

(2u35)? — 4 g (g + K2uo? + 2Kpg?1 s 0.

Divide by 45° (>0)
2
B —[”42+K2+2K <0
H2 H2

B; —[Bz+ K2+ 2K] =<0
B; = B2 + K2+ 2K
= B+ K2+ 2K = f3;
= By=p;— K2+ 2K)
Let K=-1, we get
B2 = B1—(-1)
. Bz zP1+1
Note : 1. If we let K =0, we get B2 = 34
2. Since B9 = B; + 1 then we can show 3 = 1.



