Generating F unctions

—

" pefinition. The moment, generating function (m.g£) of a random variable X is
Jenoted by Mx(t) and is given by

Y et P(x), for discrete

Mx(t) = Ee®={
e . f(x) dx, for continuous

My(t) exists if the series or integral is absolutely convergent

cenerating moments through m.g.f.

$2X2 tXr
g1t

Mx(t) = E(e®)=E[1+tX+57 + ...

2 tr
=1+EX).¢+EX?). 2,+ AEXD. T+

t2 tr
My(t) =1+t +y2'.-2—,+...+,u, =+ ... ufl1)

Ex" . P(x), for discrete

Here ' =EX")= J' %" . f(x)dx, for continuous

i, y ¢35
" We can observe that, the coefficient of Spin Mx(¢) gives rth moment about origin.

This mean My(t) generate moments, hence it is called moment generating function.
ifferentiate (1) w.r.t. ¢ r times and then putting ¢ = 0, we get

d iur t2 =1t
dtr Mx(t) rl+ ppat+ Ll”zz, t_o—pr
=0 =
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Properties of moment generating function

1. Mcy = Mx(ct), where Cis a constant

Proof : Mcx(t) = E (e/¢¥) = E[eX"] = My©"

2. Additive property of moment generating function (AU 2017)

Statement. The moment generating functipn of th:f su;rll oti n 1ndependent
random variables is equal to the product of their respective m.g.IS.

Symbolically, if X;, X, ... X,aren independent random variables, then mgf
their sum X; + Xy + ... + X,, is given by
My %, +..+x,(8) =Mx @), My, () ... Mx (¢).
Proof : Consider m.g.f. of X; + X + ... + X, a8
= E[e!X1+X2+Ka)] (+ by the definition of m g
- Ele®1 X2 %)= E(eX1). E(e™?) ... E(e™)
(v Xy, X, ... X, are independenn
= My (¢) . Mx,(#) ... Mx (&).
My +x,+..+x(#) =My (@) . Mg (@) ... My (8).
Effect of change of origin and scale on m.g.f. (AU 2013,
Statement. The m.g.f. is not independent of shifting the origin scale.

X—-a
h

Consider m.g.f. of U as

MX,+X2+...+Xﬂ(t) )

Proof:Let U =

(X-a) X
My(t) =EEV)=E|e' * / |=E|eh.e *

X 1B
eh ] = e M. Mx(t/h)

m.g.f. is affected by changing origin and scale i.e. it is not independent of
changing the origin and scale.

ta

=e bE

Uniqueness theorem of moment generating function.

The moment generating function of a distribution, if it exists, uniquely
determines the distribution. This means corresponding to a given probability
distribution, there is only one m.g.f. and corresponding to a given m.g.f., there s
only one probability distribution.

Mx(#) = My(t) = XandY are identically distributed.

Limitations of moment generating function

1. The moment generating function may exist but moments may not exist.
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A random variable X can have m

¢ g.f a
2\ generate ER————— nd some or all moments, yet the m.g.f,

GEN

fhl‘:'-\'

. The m.g.f. may not exist but moments may exist.

2, CUMULANT GENERATING FUNCTION

ginition. The cumulant ge £ (AU 2018)
ni . nerati ‘ ‘

& mg:dlb}’ Kx(t) and is given by Ing tunction (c.g.f.) of a random variable X is
[

Kx(t) = log, Mx(t)

" mulants and moments through c.g.f.
consider Ky, Ka, ... K,, ... are cumulants, then

N # tr
Kx@®) =K.t + KQ.ET-&- wus K,.;-i- ... = log Mx(#)

r ;-!-

- ] ' tz
=log [1+p¢t +u, 5—!+...+,u' L ]
The rth cumulant K will be obtained by
. tr
K, = Coefficient of 7 in Kx(@®).

t2 t3 t4
K1t+K2'-2—!+K3§T+K4'E+

......

, T L 1 2 3 ¥
=| {1 .t+,u22!+‘u3 EY R TR ) ﬂ1'3+ﬂ2'§+ﬂ3'§+-~-)

L g ; 22 ixd
+3 Brt g gyt | e log(1+x)=x-§+-3——+...)
By comparing the coefficients of powers of ¢ on both sides, we get
t1
K, = Coefficient of 1 in Kx(t) =y, = mean .. Ky =mean

i ; ,
K, = Coefficient of Th Kx(t) = pg' —pa'? = po = variance . K, =variance

ta L) ! ] ) ]
K; = Coefficient of gyin Kx(t) = us' — 3ug' 11’ + 210 3

= 3. (Third Central moment)
¢t
K, = Coefficient of 0 Kx(t)

= g — g + g ' + 129 -6
= (g — dug my + 6pg’ ' — 3 — 3 = 2t %+ m')
= pa— By — D% = pa— 32’

K, =p4-3Ks? o pg = Kg+ 3Kp?
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Moments from oumulants
Mean = I,
Variance =y = Ky
Hy =Ky
ny = Ky + 3Ky

ction
Properties of cumulant generating ful s ficdlon
1. Additive property of cumulant generd

. ion of sum of n inde
ting function 0 Pendey,
‘ . The cumulant generat : ; I
\Sr;:i';)?le‘sﬂilst equal to the sum of their respective cumulant generating nct'] iy

i long
Symbolically, if X;, X 5 ... Xparen independent random variables, the,
Kx, +x,+..+x,0) = Kx, @)+ Ky, (8) + -+ Kx (8). d b
] i ndom variabl
Proof : If X;, Xy, ... X, aren independent ra ables, they frop
additive property of m.g.f.,
MX1 + X 4.4+ Kn(t) = Mx,(t) . ng(t) """

Consider logarithms, ;
log [My, ,x, + .. +x,(8)] = log [Mx,(£) . My, (8) ... My (8]

Ky, +x,+..+x ) =log Mx () + log Mx,(8) + ... + log My (2).
= Ky, () + Ky, (&) + ... + Kx (2).

t

2. Effect of change of origin and scale on c.g.f.

Statement. The cumulant generating function is not independent of shifting y,
origin and scale.

X—-a
h

Consider c.g.f. of U

Proof:Let U =

,(X-a)

Ky(t) =log My(t) = log [E(ek & })]zlog[E
o 2.8 e ta

=10g[e ".E(eh )]=Iog[e h.Mx(tfk)] =log e * +log My(th

Ky®) = —% + Ky (t/h)

-+ Cumulant generating function affected by shifting the origin and scale i..n
independent.

Properties of Cumulants
L. Additive property of cumulants

Statement. The rth cumulant of the sum of n independent random variables’
equal to the sum of the rth cumulants of the individual cumulants.



5 FUNCTIONS EDm
{iﬁﬂﬁf"' i ‘]"“m, if X1, Xy oo Xy are n inde Pendent oo vatinhilos, g
S R L T o P
ser0f ¢ frrom the mhlllf\"' propevty of g f.
P’ K. o %o L x D < Ky (1) 4 Ky (t1ya ..y Ky (1)
”in'.-rl‘l“i"“ng w.rbof e times and putting ¢ = 0, we got

I
ﬂ" P y Y “')] =t [ ! - K ( ‘ i'
I 4 h_! # .0 x" r {}
(Hrlxxl ; ' o |t X, L drr Ky, (t)
t=0

dr
+ e +[d{' erm} |
KXt XD SK K04 K Xy 4 4K (x,) ’

¢ of change of origin and scale on cumulant

2 Effe¢ t. Cumulants are independent of (AU 2018)
atemen endent of change of orioi .
e:Ceptmﬁl‘StC dant g€ ot origin but not on scale

y
ProOf .Let U= —h— , from the property of c.g.f., we have

at |t
Ky(®) =—7 +Kx (E

t2 tr
o K i+ K gy K

(t/h)2 (t/hy
+..+K.. R

at
_-—‘h"+K1.h Kg

where K, and K; are rth cumulants of Uand X respectively.

Now comparing coefficients, we get

Kl—a 5 Kr
h ’Kr:hr’r=2,3,..

:K.]_Ir =

First cumulant is not independent of origin and scale. But except first cumulant,
the remaining all cumulants are independent of changing the origin but
dependent on changing the scale.

43.CHARACTERISTICFUNCTION : (AU 2018)

=]

Sometimes m.g.f. does not exist, since the integral f e . f(x) dx or the series Y, e’ .
X
Plx) does not converge absolutely for real values of ¢ for some distributions (for example
Cauchy distribution). In such cases, the characteristic function is used to calculate
moments instead of m.g.f.

Definition. The characteristic function (c.f.) of a random variable X is denoted by
%{t) and is given by
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for dincrete

. for contim
Pyll) & Flet) = j ot i) v, {or continuoty

«

Properties of characteristic function

L ¢y =1
Proof': ox(t) = E(X)

at t =0, ¢x(0)=E(e°)=E(1]=1

. lieg inbetween —1 and +1,
2. | ¢x(t) | s1i.e. characteristic function lies inb

le, then
Proof : Let X be a continuous random variable,

o

oxt) = [ e flx) dx

| axt) | = | [ e=ftde |8 Laicks
_f lei“I.If(x)ldx= J' | e 1. fx) dx (o flx) s )
= [fex)dx (v | eitt| =y cosZ tx + sin?tx = 1)
=1

| ox(@) | = 1.

3. dexlt) = dxlct), where c is constant
Proof:  ¢cx(t) = E(*™) (By the definition)

= E(eiX) = Mg(C?)

4. Additive property of characteristic function

'r"l'lfn

Statement. The characteristic function of the sum of n independent rando

variables is equal to the product of their characteristic functions.
Symbolically, if X;, Xy, ... X, aren independent random variables, then
¢'X1 +X, 4+ .. +Xn(t) = ¢Xl(t) . ¢X2(t) ------ ¢’X"(t)

Proof : Consider characteristic function of X; + Xs + ... + X,

¢x1 + X, ..+ xn(t] - E[eft(xl +Xo+...4X, )]
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| "8 s Bt gl
| (e |
A L x*' xu inre nnft'ln-ml .
= Px, (1) . dx, (1) ...... by (1), “nt)

| 6£ . l",( ",-r?(. ) ‘.if!( " it%

'ff"‘" of charge of origin and scale on c.f.
K pment. Characteristic function is not independent of ch

statl ‘
b“ “i(r {,n;{“j

and seale. %
-a

Consider the characteristic function of U

iU [ it(E;) ] E.x_ _f‘_ﬂ ita X\
¢u(®) =E(V)=E |e =E e".ehjze_T,E(eLJ

ita .
oult) = e P, ¢x(;—f)

j. . The characteristic function is affected by shifting hotp,
: cf is not independent of changing the origin and scal g rigin and scale, ic.

6 Uniquess theorem of characteristic function
| characteristic function uniquely determines the distribution,
ie. if ¢x(¢) = ¢y(?), then f(x) = f(y) means X and Y are 1dentically distributed.

44. PROBABILITY GENERATING FUNCT ION

Definition. FheprohabiliGrgerexatng fumtmn (P g. f ) of a dlscrete random variable
Xis denoted by Px(S) and is given by

Py(S) = E(S¥) = E S* P(x).

Explanation : Let us suppose X is a discrete random variable taking the values 0, 1,

9, ...... with respective probabilities Py, Py, Py, ... Then expectation of the function S of
the random variable X is

Px(S) =E(S¥X)=P;.S%+P, . S1+ P, 82+

=Y $.P,= ) &.PX=2) or ) S&.P@)
x=0 x=0 x=0
where P(x)is p.m.f. of X.

Properties of Probability general function
L Additive property of p.g.f.
Statement. The probability generating function of the sum of »’ independent
random variables is equal to product of their p.g.fs.
Symbolically, if X;, X, ... X, are ‘n’ independent random variables, then

Py, 4%, +..+x,(8) = Px(8) . Px(S) ...... P (8).
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m lity H(-nvrﬂ'-i“” function of x - h!

Proof : Consider the pmlml:i s
w e B(8™ ) .
NS =B g = EE™) L BEM L gy,

Py .x ; Xy
‘\1 +Xp ¢ E(r:\\ ; S Faee
(v x]’ ::2’ Xn are j

= le(S) ' an(S) Px“(S)'
s npgf.
2. Effect of change of origin and sal‘-z ° ffnition is not indepeng
Statement. The probability generating _ 0t of Chf‘ng]-
%

the origin and scale.
Proof: Let U= X;: -

Consider probability generating function of U as
Py(S) = E(SY)
X-a
= E( Sh ) _ E(SXh. Sy = Sk E(S¥h)
= ok [E[SUR]] = S0 . Px(S'")

<. The probability generating function is affecterd'by shifting the Origiy
scale i.e. p.g.f. is not independent of changing the origin and scale. g

4.5. WEAK LAW OF LARGE NUMBERS
Let X;, Xy, ... X, be a sequence of random variables and u;, u,, ... I be thei;

respective expectations (means) and let
B,=Var (X; + X, + ... + X;) <, then
p { Xi+Xo+ ... +X, uy+pg+...+u,

< 1-

e = s} 21—

% n > ng, € and ) are arbitrary small positive numbers, provided lim 3z 0.
n—sao

Weak Law of Large numbers for i.i.d. random variables
If the variables X, Xy, ... X, are independently and identically distributed (i.id)ie

=l

EX;)=p and Var X;)=0%¢ i = 1,2, ... n, then B, = Var X;+Xo+...+X,) = E Var
(X;) =no?. (Covariance term vanish since variables are independent).
- 2 2
lim == lim “5 = lim <=0
n—sw n—+w n—-w I

Then weak law of large numbers for sequence of {X,} of i.i.d. random variables is
= {’ X;+Xo+...+X,

-

n <e]>1—n ¥ n>ny

== P{X,-p|<e}>1-n % n>ny



p{| X,—H | <e} =1 asn - =

1.0 P{l Xn.—_plaE}—'O asn — o
““‘}

| X convergence in pr ili
1~|1if4"wa“9 X e g probability to

5, STRONG LAW OF LARGE NUMBERS

- v P
y L.e, xn - 0.

rong law of large numbers state that the sample m .
’I’h iel}’ to the population mean. g san (average) converges

Lot X1, X, -..» X, be independently and identically dlstrlbuted (i.i.d.) i.e. E(X)) =
- Xi+Xo+..+X , -
= 0% then th 1 2 n

o yar (Xi) =0 en the sample mean X, = - — converges to the

Jation mean i with probability unity,
poP




Central lelt Theorem ang lt \
| ADD|ICatlon

\ .
6.1. CONVERGENCE IN LAW (OR) CONVERGENCE IN DISTRIBUTIOQN

A sequence of random variables Xj, X, ..., X, 18 said to be convergence S Ty
convergence in distribution to a random vanable X if
lim F, (x) = Fx)
n-—+o

for all x at which F is continuous. F,(x) and F(x) are distribution functions of randy,
variables X, and X respectively.

6.2. CONVERGENCE IN PROBABILITY i \

A sequence of random variables X, Xy, .. X 1s Sald to be convergence in prohabﬂlty
to a constant a if for any ¢ > 0,

lim P X,—al<e)=1

n— o

or lim P{IX,—alz¢}=0

n—om

It is written as X, iy aasn —




MIT THEOREM AND ITS APPLICATIONS
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(:ENT R m

CENTRAL LIMIT THEOREM (CLT)
6.4

entral limit theorem was first stated by
1he ce

Laplace in 1819 and the pro
. noff in 1901.
yLIapou

yf Wiw
en D X, be n independent rand : : N
g tement. If X1, Xy, ... X, be n independent random variables with mean EX,) =y,
Star (X) =0 1=1,2,...n, then it can be proved that under certain very genera|
1 i ) .
=jlnd(;i{iioﬂs the random variable S, = X, + Xz + .4 X, is asymptotically normal
cond! ' n

n
: _ ; ) .
1tion with mean z = » u; and Variance o2 = E o;
gistribution 121 (ot

(With the standard deviation o)

5, LINDEBERG—LEVY CENTRAL LIMIT THEOREM
" THEOREM FOR 1.1.D. RANDOM VARIABLES)

According to Lindeberg—Levy, if X;, X,, ... X, are independently and identically
distributed (i.i.d) random variables with EX) = u,, Var X)=02 i= 1,2, ..., n, then the

am S, =Xy + Xg + ... + X, is asymptotically normally distributed with mean u =n y; and
variance 02 = n 0,2,

The Lindeberg-
ways.

(CLT) : (CENTRAL LIMIT

Levy Central limit theorem can also be stated in the following three

@) IfXy, Xy, ... X, are i.i.d. variables with mean
X;+Xo+ ... +X,, then

b 2
Sn'—nﬂl } 1 -=
li P{ bi=¢®B)-¢la)= [——e 2 gy
n}fﬂw — (]'1/\/?1, = ¢ ¢a l.vzne

for o <a <b <®and ¢ (—») =0, ¢ (o) = 1,

#1 and variance o2 (finite) and S, =

where ¢(x) is a distribution function.
< = -¢(a
VVar (S,)

(@) lim P {q sX"- 280N, <b } = ¢(b) - ¢(a)
N V Var (I?n)

] : Xn"‘”l
L-e., llm P{ b } = b —_
R oiN'n . Hol-gla)

(@) lim P{a <

n~ow

6.6, APPLICATIONS OF CENTRAL LIMIT THEOREM
PROBLEM 1.D

iscuss the distribution of sum of n i.i.d. binomial variates.
SOLUTION, IrY, X, »

iStribyti o . - X, are i.i.d B(r, p) (consider r, p are parameters of binomial
Ution) te, E(X) = rp, Var (X;) = rpq.
If We co

Dsider sum of 1 i.i.d. binomial variates as S,
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L1 -

n
L ~then
S, =X, +Xg+ . +X,= E X,

E(S,,):E[ix) ZE E = nrp

= nrpq
Var (Sn) = Var ( E X,) 2 Var (X!) = ;21rpq

rem,
By using Lindeberg-Levy central limit theo

S -E(S,) ] e ()
: = <br=0¢®) -0
im Ple s

= lim P{assn-nrpsb}=¢(b)—¢(a),05p<l.
nrpq

n—=x

2. Prove that if Y, is a binomial variat
- b} = ¢(b) - §(a), 0<p < 1.

i
fiis np (1-p)
Proof: Let us consider X;, Xy, ..

(1,p)ifwelet S, =X;+Xg+ ... + Xp, thenS B (n, p)- .
Given Y, ~ B(n, p), hence by using Lindeberg-Levy central limit theorem for Y,

Y,-E(Y,)
lim P —”——lsb}zq;(b)—ct)(a)
nl—I'nw [as\/Var(Yn)

Since Y, ~ B (1, p), E (Y,) = np and Var (Y,) =npg = np (1-p)

lim P {a SM' b}=¢(b)—¢(a),0<p<1.
n-—o np(l_p)

3. If Y, is distributed as poisson P(n), then

e with parameters n and p, then

X , be n i.i.d. Bernoullian variates j ¢, s Xin

lim P {a < e sb } = ¢(b) - ¢(a), then prove that

n—w Vn
i o etnt 1 e
,}EnmP(Y sn)- 2 A =gasn

Proof: Let us consider X;, X, ..., X, be i.i.d. P(1), then
S, =X1+X+...+X,(=Y,) ~P(n)

This means S, = Y,, by using Lindeberg-Levy Central limit theorem,
lim P {a swsb }= $(b) — ¢(a)
n—w Var (Y,)

Since Y, follows poisson distribution,

E (Y;;) =n, Var (Yn) =n.
Y,-n
Vn

P{as b}=¢(b)—¢(a)asn—>oo
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AL
cfﬂm ke -—oand b =0in (1), we have
fﬂ“_ ll‘i"h g B Y T
h ) S.\.(f’--ﬂsb} =Pl—005—n ns()}
I a \[;I \/?1
P Y,-n
= \/71 50 ZP{Y,,'-RSO}: P{Ynsn} (2)
dwehave’ 1
g — = ¢(0) - =9
9(b) — 9(@) = 4(0) - () = 5 (30)
rom (2) and (3), we get
P(Y, 1) =gasn =
n n sk
. Ze;?=%“nqm

57, RELATION BETWEEN CLT AND WLLN

The two important laws, central Iin}i.t theorem (CLT) and weak law of large numbers
(WLLN) hold for a sequence {X,} of i.i.d. random variables with finite mean 1 and

yariance 0% )
The central limit theorem CLT is so stronger than the WLLN.

The WLLN for the sequence {X,} of i.i.d. random variables provide an estimate of the

P{I_-S—L:;EE_IZE}.

Xi+Xo+ ...+ X,
From the WLLN, P - -l | ZE
= )—{n—ﬂ £ 5\/72
=P{IX,1— Iae}=P{ > }:P{lzl —*—}
& oifm | oiln * o

where z ~ N (0, 1) standard normal variate.

=1—P{lzlsu]
g

evn evn evn
_.l—P[—0 sZs 0]-1—-{¢(0)—¢
') is distribution function of standard normal variate.

The relation between CLT and WLLN also states that

) FOI‘_ the sequence {X,} WLLN holds for independent and uniformly bounded
variables and CLT holds good provided by

B,=Var (X;+ Xy + ... +X,) =012+ 092+ ... + 0,2 > oasn —>®

Por the sequence {X,) of independent random variables, CLT may hold but the
may not hold.

—eVn
(8]

where ¢

(2)
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Ay,
6.8. LIAPOUNOFF'S CENTRAL LIMIT THEOREM (CLT) Oy

| limit theorem (CLT) when th
alised the cen;?{rabe n mdependent random Varlab ‘”"‘a

ar ®)=ohi=1 2, ..., I TESECtive]y, ; ith

116 RA

Liapounoff was gener
not identically distributed. X1, X2» QI:
means E (X;) = »; and variances : ay
consider third absolute moment about mean of 0,

p3=E{X;—p;3,i=1,2. .. n is finite, and let p3 = E ps.

Liapounoff stated that CLT , if lim 9 = 0, then the distribution of the gy,

ndw

S, =X=X+Xo+ ..t X is asymptotically N (i, 02)

R n
where y = 2 ; and 02= E o2
i=] i=1



